Abstract. We study inequalities between graded Betti numbers of ideals in a standard graded algebra over a field and their images under embedding maps, defined earlier by us in [Math. Z. 274 (2013), no. 3-4, pp. 809-819; arXiv:1009.4488]. We show that if graded Betti numbers do not decrease when we replace ideals in an algebra by their embedded versions, then the same behaviour is carried over to ring extensions. As a corollary we give alternative inductive proofs of earlier results of Bigatti, Hulett, Pardue, Mermin-PeevaStillman and Murai. We extend a hypersurface restriction theorem of Herzog-Popescu to the situation of embeddings. We show that we can obtain the Betti table of an ideal in the extension ring from the Betti table of its embedded version by a sequence of consecutive cancellations. We further show that the lex-plus-powers conjecture of Evans reduces to the Artinian situation.
Introduction
This paper is part of our study of embeddings of the poset of Hilbert series into the poset of ideals, in a standard-graded algebra R over a field k. In our earlier paper [CK13] , we looked into ways of embedding the set H R of all Hilbert series of graded R-ideals (partially ordered by comparing the coefficients) into the set I R of graded R-ideals (partially ordered by inclusion). Here we look at the behaviour of graded Betti numbers when we replace an ideal by an ideal (with the same Hilbert function) that is in the image of the embedding.
Examples of such embeddings, studied classically, are polynomial rings and quotient rings of polynomial rings by regular sequences generated by powers of the variables. If R is a polynomial ring, then for every R-ideal I, there exists a lex-segment ideal L in R such that the Hilbert functions of I and L are identical (a theorem of F. S. Macaulay, see [BH93, Section 4.2]) and, moreover, each of the graded Betti numbers of L is at least as large as the corresponding graded Betti numbers of I (A. M. Bigatti [Big93] , H. A. Hulett [Hul93] and K. Pardue [Par96] , where {e i,j , i ∈ N, j ∈ Z} is the standard basis of Z N×Z . In this paper, we show that if graded Betti numbers do not decrease when we replace R-ideals by their embedded versions, then the same behavior extends to S-ideals; see Theorem 3.1 for the precise statement. This generalizes analogous results of Bigatti, Hulett, Pardue and Murai mentioned above. Moreover, our technique gives short and self-contained proofs of [MPS08, Theorem 1.1] (more precisely, the key intricate step for proving it for strongly-stable-plus-squares ideals -see [MPS08, Section 3 and 4]) and [Mur08, Theorem 1.1] (which generalizes the above theorem to arbitrary powers); see Corollary 3.7.
We show that we can obtain the Betti table of an S-ideal from the Betti table of its embedded version by a sequence of consecutive cancellations. This is analogous to, and motivated by, the similar result proved by Peeva comparing the Betti table of an arbitrary homogeneous ideal in a polynomial ring with the Betti table of the lex-segment ideal with the same Hilbert function [Pee04, Theorem 1.1]. Additionally, we show that a minimal graded B-free resolution of an ideal in the image of the embedding map can be seen as an iterated mapping cone. The simplest instance of this is the Eliahou-Kervaire resolution (see [EK90, PS08] ) of strongly-stable monomial ideals in polynomial rings. Similar iterated mapping cones have been considered for ideals containing monomial regular sequences, and have been used to obtain exact expressions for graded Betti numbers; see [MPS08, Mur08, GMP11a] . As an application of Theorem 3.1, we show that the lex-pluspowers conjecture of E. G. Evans reduces to the Artinian situation (Theorem 4.1).
A word about the proofs. Problems on finding bounds for Betti numbers such as those studied in much of the body of work above can be, inductively, reduced to studying polynomial extensions by one variable, or their quotients. This is what we address in Theorem 3.1. Its proof makes crucial use of [CK13, Theorem 3.10] (reproduced as Theorem 2.1(ii) below) which is an analogue of the Hyperplane Restriction Theorem of M. Green [Gre89] , and of similar results of J. Herzog and D. Popescu [HP98] and of Gasharov [Gas99] . Caviglia and E. Sbarra [CS12, Theorem 3.1] use Theorem 2.1(ii), again, to prove a result similar to Theorem 3.1, where graded Betti numbers are replaced by Hilbert series of local cohomology modules. Also see [CGP02] for a proof of the aforementioned result of Bigatti and Hulett, in characteristic zero, using Green's Hyperplane Restriction Theorem.
We thank the referee for a careful reading and suggestions that improved the exposition. The computer algebra system Macaulay2 [M2] provided valuable assistance in studying examples.
Embeddings
We recall some notation and definitions from [CK13] . Let k be a field and A a finitely generated polynomial ring over k. We treat A as standard graded, i.e., the indeterminates have degree one. Let a be a homogeneous A-ideal and R = A/a. Let I R = {J : J is a homogeneous R-ideal}, considered as a poset under inclusion. For a finitely generated graded R-module M = ⊕ t∈Z M t , the Hilbert series of M is the formal power series
The poset of Hilbert series of homogeneous R-ideals is the set H R = {H J : J ∈ I R } endowed with the following partial order: H H (or H H ) if, for all t ∈ Z, the coefficient of z t in H is at least as large as that in H . (We point out that by H I we mean the Hilbert series of I and not of R/I.)
In [CK13] we studied the following question: given such a standard-graded k-algebra R, is there an (orderpreserving) embedding : H R → I R as posets, such that H • = id H R , where H : I R −→ H R is the function J → H J ? We will say that H R admits an embedding into I R (and often, by abuse of terminology, merely that H R admits an embedding) if this question has an affirmative answer.
Recall (from Section 1) that
where t is a positive integer or is ∞. Let I = {i ∈ N : i < t}. Treat B as multigraded, with deg x i = (1, 0) and deg z = (0, 1) and let the grading on S be the one induced by this choice. (In order to study embeddings of H S , we think of S as standard-graded, but we will use its multigraded structure, which is a refinement of the standard grading, to construct them.) Let J be a multigraded S-ideal. It is isomorphic, as an R-module, to i∈I J i z i , where for every 
If J is additionally z-stable, then so is J . To see this, we note that, since J is z-stable, 
. Therefore, we may wonder whether this is true more generally than for polynomial rings. More precisely, putting ourselves in the context of Theorem 2.1, we show that if char k = 0, then
for all general homogeneous elements f ∈ S of degree d and for all d ∈ I. We also show that the conclusion fails in positive characteristic. In characteristic zero, the argument is as follows: Let g be a change of coordinates, fixing all the x i and sending z to a sufficiently general linear form. Let w be the weight w(x i ) = 1 for all i and w(z) = 0. H inw(g·J)+(z d ) . Finally, using Theorem 2.1(ii), we see that
Now to show that the conclusion does not hold in positive characteristic, consider
, l a general linear form in x, y and J = z p S. Then, S denoting the embedding induced by the lexicographic order on k[x, y, z], we have
contrast this with (2.5). To see this, let us look at the corresponding quotients: S/J + (z + l) R and, As a corollary, we get the theorem of Clements-Lindström mentioned in Section 1.
Graded Betti numbers
We are now ready to state and prove the main result of this paper. Let R : H R −→ I R be an embedding and I be an R-ideal. Then β 
where the first inequality follows from the exact sequence of Tor and the second one follows from the first part of this proposition. Now note that
The following lemma is perhaps well-known to many readers, but we give a proof for the sake of completeness. 
Lemma 3.3. Identify A with the quotient ring B/(zB). Then for all B-ideals b, Tor
Proof of Theorem 3.1. We will work with B-ideals. Let J be a B-ideal containing aB + (z t ) such that JS is z-stable. Write L for the preimage in B of the S-ideal S (H JS ). We need to show that
and 
Therefore
where the second line uses Lemma 3.2, the third line uses (3.4), the fourth line uses (3.6), the fifth line uses Lemma 3.2 and the next line uses (3.4).
The proof shows that, for fixed i and j, if β
Now, as a corollary, we give a quick proof of a theorem of Mermin-Peeva-Stillman and its generalization by Murai. First, we relabel z as x n+1 and write B = k[x 1 , . . . , x n+1 ]. We say that a monomial B-ideal J is strongly stable if for all monomials m ∈ I and for all 2 ≤ j ≤ n + 1 such that x j divides m, x i (m/x j ) ∈ I, for all i ≤ j. Starting with a ring whose poset of Hilbert functions admits an embedding, it is possible to construct new examples of rings with the same property, by using Theorem 2.1 and Remark 2.6 recursively. We thus recover the following result of D. A. Shakin. Proof. As in the proof of Theorem 3.1, which we follow closely, we work with B-ideals. Let J be a B-ideal containing aB + (z t ) such that JS is z-stable. Write L for the preimage of the S-ideal S (H JS ). Let J be the preimage of the S-ideal i∈N R (H J i R )z i , as in the proof of the theorem. We need to show that β B (J) can be obtained from β B (L) by consecutive cancellations. Note that, by our hypothesis, β B (J) can be obtained from β B (J ) by consecutive cancellations, since these Betti tables are equal to β A (J/zJ) and β A (J /zJ ) respectively. Therefore, we may replace J by J and assume that J i R is in the image of R for all i ∈ N. Then L 0 ⊆ J 0 , N 2 is a graded homomorphic image of M 2 (for a morphism of degree zero) and
]). Let a i be a lex-segment ideal in the ring
Hence we may place ourselves in the context of Lemma 3.2. We have
Lemma 3.10 below, now, completes the proof of the proposition. An Eliahou-Kervaire type resolution for z-stable ideals. When I is a strongly stable A-ideal (see the paragraph above Corollary 3.7 for definition), a minimal graded A-free resolution of I is given by the Eliahou-Kervaire complex (see [EK90, Theorem 2.1]), which can be constructed as an iterated mapping cone for a specific order on the set of minimal monomial generators of I. Iterated mapping cones can always be used to construct free resolutions, but they need not be minimal in general. When they give minimal resolutions, they can be used to obtain exact expressions for Betti numbers. See, for instance, [Mur08] , which uses an iterated mapping cone from [MPS08] . This section does not use explicit results on embeddings, but only the calculations in the proof of Theorem 3.1. We first make an observation: 
The series H Tor
A i (M,k) , 0 ≤ i ≤ n determine β A (M ). Similarly H Ki⊗ R M , 0 ≤ i ≤ n determine H M β A (k).
